Chapter 2. Inverse Trigonometric Functions

1 Mark Questions

1. Ifsin (sin':L % +cos* x) =1, then find the

value of x. Delhi 2014

Given, sin (sin”‘ % + cos™ x) = ]

o1 1 " s
= sin 1§+cos 'y =sin”'(1)

FrsinB=x=0= sin”' x]

it B —1 : _1( 5 Tl?)l: . Tt :
= SiIN — 4+ COS X=SINn sin— || sin—=1
A 2 2

11

= sin”' - +cos” x =2 (1/2)
5 2

1

. o EREd
But we know that, sin”' x + cos Tx= 5,

xe[-11]
1

. osinTl—=sin"'x = xzé (1/2)

1
5
2. e s tan ™ y= -E; xy < 1, then write the

value of x + y + xy. All India 2014
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Given, tan 'x+tan"'y = -3';, xy <1

We know that,

- " +
tan*1x+tan_1y=tan 'lix y],xy<1
1— xy

.'.t.:an‘i[x“Ly]=E =3 x+y=tan-1-:: (1/2)

|1=-xy] 4 1—xy
! T
=5 X+y=1-Xxy |:'.'tan4=1]
=» X+y+xy=1 (1/2)

(1
3. Write the value of cos_l(—%] + 2sin 1(5]

Foreign 2014

We have, cos” (_—1) + 2 sin 1(1)
2 2

[y

[+ cos '(=x) = T — cos™ ' x]

= [n - cos"‘(cos E)] + 2 sin"(ssn ) (1/2)
3 6

[+ principal value branch of cos™ x is [ 0, ]

and that of sin™" x is [;_n ﬂ-']]

2
=|:1t—£:]+2><£
& 6

_27t+21t=4ﬂ:+21t=
3 6 6

M|_A

(1/2)
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4. Write the principal value of cos *[cos(680)° ]

. ) Firstly, write 680° in the form of (2n—6) andé
*  then use cos(2m—0)=cos® and cos™’ (cos 6)!

=0.

We have, cos [cos(680)°]
= cos '[cos(2 x 360 — 40)°]

= cos™ ' [cos 40°] [ cos(2m —6) = cos6]

= 40° [+ cos "(cos8) = 6] (1)

5. Write the principal value of ta n'l[sin[_;)].

Delhi 2014C

All India 2014C

We have, tan_‘l}in[— —2 H
= —1 =1 *r g .__.] = -1
tan™ [ | ] [ sm( 5 ]

-+ Principal value branch of tan™" is (—_1:_ E) ;

:

(
~tan”(=1) = tan”'| — tan E] iy s 1}
4 4

= tan"{tan(j] i, (D) [tan”'(tan6) = 6]
4)| 4
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6. Find the value of the following:

T -1
COt(E —2cot \@) All India 2014 C

i OUETE—

: iQ Firstly, use the property cot (g- - 6] = tan@, then

put cot ™' /3 =~g and simplify.

We have, cot I:-ZTE ~2cot™ '3

\
=tan(2 cot™ \/5) |: cot(zzr— -0

/

= tan(Z X E) [ cot™’ \/5 = cot (cot ) r
6 6 6

= tan(g) =3 - (1/2)

- tan9] (1/2)

"I. Write the principal value of

cos 1£+cos ( )}
2 2 Delhi 2013C

We have, cos™ £ + COs~ (— %)

=cos“£+[n cos™ (;)]

[ cos ' (- x)=m—cos ' x]
_+ T _T+6m— Zn 5n )
6 3 6 6
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_ —-b
8. Write the value of tan™} g-]—tan 1(£—].
b a+b

Delhi 2013C

I -b)]
tan1(a)-—tan_1(a: b] =tan™' [Z P(j‘FEJJ

b a+b

¥ e ,1(,4—3)
. — e 8=t e —
[. tan A — tan an L1+ B}

(2 2
:tan_1 d +{:1b2_**' ai;'i-b (_”2)
\ab+b”" +a —~ ab

*\

1\,
S
U"‘

o, =1
=tan | —— _“_i) = tan '1

~ tan™! tan—TE) o [ tan”'(tan®) = 6] (1/2)
ay o
9. Write the principal value of

an™t (1) + cos™t [— %) HOTS; Delhi 2013
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-?:f\) Firstly, we check the given angle in principalé
"+ value branch. If it is not so, then convert it. |
After that, use the identity

tan " (tan®) =6, cos *(cosB) = 6.

1
tan”' (1) + cos™’ (— E)

= tan”" (tan n] + cos™ (4 CcOS E—) (1/2)
4 , 3

m 4 ( n‘)
=~ + cos '|cos| - =
A [ 3

[since, principal value branch of cos™' x is
[0, ], so we convert —cos6 = cos (- 6)]

T 1 27
= —+4 C0S | COS—
4 [ 3 ]

K, 2n _3n+8n
4 3 12
st B (1/2)
12 .
10. Write the value of tan (2 tan? 1)
Dethi 2013
s : 1 \
; ¥ 5 = |
tan [2 tan™" 5)= tan| tan™’ —-5—2 (1/2)
| i (1) |
i L \AJ /]

| ( 2X
+2tan"' x = tan”™’ ;
\1 =" I
= fan tan™ (—Z—X—S] — tan|tan™ (é_) = _5_
24 12 12

[+ tan (tan™' 6) = 6] (1/2)
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11. Write the value of tan™ [2 sin [2 cos ™ ‘g)jl

All India 2013
tan” [2 sin [2 cos™ \gﬂ

- [pinfeo (31

[-2 cos ' x=cos ' (2x* = 1)]

3 ol
= tan"' |2 sin {cos i - 1)}]
\ 2

/
=tan {2 sin <l£305"1| %)}] (1/2)
\

e

=tan"'|2 sin 41005”1 : (cos E)H
- 3

"
=tan"'{2 sin -2-:\ o cos '(cos®) = 0]
] .

»
= tan™' 2[9—]
L 2
n)_ =
=tan”' (W3)=tan" [tan = | = =
an”™' (+3) ( 3) 3

[-tan”' (tan 8) = 6] (1/2)
12. Write the principal value of

tan? (v3) —cot™ (- J3) All India 2013
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tan™' (3) — cot™" (=v3)
= tan”' (V3) - {n — cot™! (W3)}
-+ principal value branch of cot”'xis (0, .)
o cot (--x) = n —cot™ X j\
—tan'3 -+ cot' V3
= (tan”' V3 + cot™' V3-n

= L T=— L t.an"1 x+cot ' x= EE-J("l)
2 2 2

13. Write the value of cos™ (,_:ZL_) — 2sin* [- %)
Delhi 2012

an o e e e v Bl

{ :.::'; Firstly, we check the given angle in principal%
* value branch, then use the identity

i sin! (sin 0) =0 and cos(cogfle) =0

cos"(l) = sin"‘(—— l)
2 2
= o8 (cos E] ~ 2 sin | sin (— E]
3 6

[ principal value branch of cos™'x

is [0, ] and that of sin"'is [—— L E]]

2" 2
_T_, (_ :-'5)
3 6
[* cos ' (cos 0) = 0 and sin~' (sin @) = 9]‘
_r . m_2rm
3 3 3 W

14. Find the principal value of
tan™' V3 - sec™ (-2) All India 2012
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e R

gp Given expression is not standard identity, so we|

separately find the value of tan"'(v3) and|
sec(-2), then simplify it. !

B e e e o s e e i g g S 0 it i)

We know that, the principal value branch of

tan'x is (—g,g) and that of sec”' is

T
[0, TC] — {-2“}

stan'3 = sec! (=2)

= tan™! (tan E) — sec'?(sec 2—75]
3 3

[ tang— = /3 and secz?n = — 2]

1:21: |

— —— T e

E N 3
[.-tan”" (tan ©) = 0 and sec”' (sec ) = 0] (1)

15. Using the principal values, write the value of

cos ™t [1) +2sint (1)
2 2 All India 2012C

We know that, the principal value branch of

cos 'xis [0, ] and of sin”" x is [— E, E}

2 2
. cos”! (-1—] +2 sin”! (l]
2 2
-1 ( ﬂ:) . drF TC\
= COS cos — |+ 2 sin sin —
3 i 6)

[ T 1 o1

“* cos— = —and sin —=—
3 2 6 2
T T 271

___+_:_
3 3 3

[- cos™ (cos®) = 0 and sin”'(sin6) = 0] (1)
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p
Delhi 2011

o 1
16. Write the value ofsin [g— —sin™* (— ——]:1

i) Firstly, find the principal value of sin'l(%} then

solve it. |

ol ()

[- sin™' (-0) =—sin ' 0]

. I ; -1(. :ﬂ:) .1
=sin|—+ sin ' | sin — 2 sin— = —
[3 6 | 6 2

. i T . Tt
=siN|—+—|=sin—=1
[3 6] 2
[ sin”™' (sin©) = 0] (1)

NOTE Please be careful that we do not write
sin”'(—sinB) =0.

r 3
17. Write the value of tan™> (tan —E)

HOTS; Delhi 2011
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{ i? Flrstly, we chech the given angle in prmCIpaI
N value If it is so, then use the |dent|ty
tan” (tanB) -6,

We know that, principal value branch of

e —E B
tan™' x is —, — |
(2 2)

- Principal value of tan™' | tan 3;)

= tan™ [tan (n L E)]
4 :
"4 L2178

.. 3m ( TC)
SO, write—as| m — —
-4 4

L

,
=tan"' | - tan %) [ tan (r — 6) = — tan 6]
\

=tan”' | tan (— %)] [ (— tan 6) = tan (—0)]

n - N
=——c T T
4 (2 2)

'
tan”! ltan 3’33] O (1)
4 4
NOTE Please be careful, we do not write
= In) 3n In (- *w
tan"'} tan—— | =—, because—¢| —,—|.

4 4 4 X2 2

_ 77

18. Write the value of cos™ | cos 6 |
y

HOTS; Delhi 2011, 2009; All india 2009
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We know that, the principal value branch of
cos ' xis[0, m] .

cos |cos— |=cos |cos|2m— —
6 6 ‘

r -

E ¢ [0, ], so
6

writaz—:e~7E = (21: — 5—“
6 6

-

=

' cos(2m —0) = cos0
= cos ' | cos E— 57
6 and —6—6 [0, ]

_sn
6
cos” (COS ZE] —ad (1)
6 6

19. What is the principal value of

cos | cos Z—T-E-) +sin™? (sin 2—“) ?
3 3

All India 2011, 2008, 2009C
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We know that, the principa! value branch of

cos” ' x is [0, ] and for sin~ xis —n,;].
1[ 2n] : _1(. 2n]
.. cos | cos=——|+sin | sin—
3 3

cr AT W [ ‘m]
== fsin|sin|t—-—
3 [ 3

——+sm (sm ][ sin(r —0) =sin6]
-—;‘——n[ sin~" (sin©) = 6] (1)

T
=—-—+-—
3 3

20. What is the principal value of tan™ (-1)?
Foreign 2011, 2008C

We know that, the principal value branch of

-7 Tl:
tan”! x is ,
( 3 '3

. tan” (-1)'= tan™! [— tan E) [ tan L3 = 1]
4 4
= tan™"' l:tan [—- %)] [ (—tanB) = tan(—0)]
T (-—n n)
_— e e e s ot
4 2 2

o T
Hence, tan™' (=1) = — 3 (1)
21. Using the principal values, write the value of
- 3
sl I HOTS; All India 2011C
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We know that the principal value branch of

[-=3)

— sin

3

= sin”™" [sin [— -E-H [ sin (=0) = — sinf]

sin”' xis|—
|
{

5
_]“\C
2

E

S.osin

- _“,E] [+ sin”" (sin ©) = 6]
3 2 2
Hence, sin'|- ﬁ =T L M
2 3

22. Write the principal value of sin™ (— %)
Delhi 2011C

We know that, the principal value branch of

e T T
IR X B{——y e
2

y )

=sin” {sin (— & ] [+ sin (~=6) = — sin 6]
6 )
-

o [— = 2 [+ sin”" (sin 6) = 6]
6 | 2'2]

Hence, sin” (~ —1—) gt (1

2 6

23. Write the principal value of sin™ [-‘?]

Delhi 2010

Get More Learning Materials Here : m @& www.studentbro.in



We know that, the principal value branch of

ot TE TC
sin” ' x 1S j— ks

"3
sin”"! [ﬁ—]xsin1 Si n) sin—Ti:l/—g—]
2 2 i 3 2
T T T
=t e =
Lt
[ sin”™' (sin®) = 6] (1)

24. What is the principal value of sec™ (-2)?
All India 2010

We know that, the principal value branch of
sec” ' is [0, ] — {®/2}.

- sec ' (=2) =sec” [— sac %)

here, sec” (- sec E) * — &
3 3

since, o< ¢ [0, ] — {EH
3 2

= seC’| [sec (Tt — 1;—)] [ sec(m —6) = — secHt]

= secC (seczﬂ] 2“ e [0, n] - {n}
3 ED 2

P sec”! (secB) = 6]
27

Hence, sec”' (-2) = 5 (1)

25. What is the domain of the function sin™* x?
Foreign 2010

The domain of sin”™' xis —1 <x<1 (1
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26. Using the principal values, find the value of

( 13n)
cos™ | cos ——
6 All India 2010C
As the principal value branch of cos™ x is
[0, =].

(:':)5"((:0513“);&137{"::113?t [0, ]
6 6 6

Now, cos ' (cos LZE) = cos™! [cos (211: + g)]

i cos'*(cos g) [- cos(2T + 6) = cos 6]

= g— e [0, m] [.- cos ' (cos 6) = 6]
n s
Hence, cos” [cos ——) — §))
6 6
2%. Iftan™ (v3) + cot™ x = g  then find the
value of x. All India 2010C

. " _ T
Given, tan~! V3 + cot T><=—2—
_ o _

— tan™’ 3=E—cot1x

s _ T
::»’tan1 /_ =tan xl:'.'tan1x+c0t1x=2]

On equating both sides, we get

x=+/3 (1)

4. 3
28. Write the principal value of sin™ (sm —Sn-)

Delhi 2009
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As we know that, the principal value branch of

1. T
sin th[—»,—— .

Now, sin™" (sin %ﬂ:—)

o)

{
=sin”'| sin 2_:11:) [ sin(mr —0) =sin9]
\ D
22 B 15] b sin” (sin©) = 0
5 | 272
Hence, sin™ (sin 3—“] i (1)
5 5

29. Using the principal values, evaluate

tan™ (1) +sin™t (— 1—) '
2 Delhi 2009C
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We know that, the principal value of tan™" x is

(-E, E) and that of sin™' is |:— ¥ n].
2 2 2 2
o tan”' (1) + sin” (_ 1)

2

= tan™" (tan E] + sin™! (— sin E)
4 6
;

tan£=1and sinE—:‘
4 6 2

L

A
= tan™! [tan & +sin”"|sin (—- E)
4 ) 6

[ sin{(—B8) = — sinG]

n = T

"4 6 12
[-tan™' (tan®) =0 and sin™" (sin®) =6] (1)

30. Find the principal value of cos™ [‘/25)

All India 2008C
iy & ( n) e e
o8 ——==r08 | cos— AR —
2 o 6 2

Since, —ge [0, ]

{As principal value branch of cos™ x is [0, 7]}

5

ot =

= 1
5 & (1

6 Mark Questions

31. Solve the following equation:
cos (tan™" x) = sin (cot'1 12—}

Foreign 2014; All India 2013;HOTS

Get More Learning Materials Here : m @& www.studentbro.in



Given, cos (tan™' x) = sin (co‘t1 %)

= sin {E —tan™ x} = sin (cot“1 E)
2 4
[ sin (g- - 9) g COSBJ (1)

On equating both sides, we get

e tan~' x = cot™’ é (M
2 4
-1 13 n
> tan” x+cot” —=— &)
4 2
It is only possible, when x = %

[ tan”' x + cot™ x = 125 , X€E R} (1)

32. Solve following equation for x.

tan™? (1 _ x) s tan™* x

1+ x 2

Foreign 2011C, 08C; All India 2014C, 2010, 2009C
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Multiply both s!des by 2 and then in LHS, use the

J" relation 2tanlx= tan~! and solve

1%
it.Then, equate both sides to get the value of x.

11— X | —
Given, tan™ [~—-)=—tan1x,x>0
1+x) 2

— 2tan” [1_—’{) =tan~' x
1+Xx)

/ 7
9 1—x)
= k1+X
2
[
ro X
\1+ X

2
[ 2 tan”! x = tan™" ( & 2]]
el

= tan =tan"' X (1%)

= tan” 20-x0+x Wztan‘”1 X
A+ 0 -a-x7]
o 2
= tan”' [2 2X | e tan~t x
4x y
[.-a?—-b?=(a-b)a+b)
2
= 1;’( — ‘i—:4(2=2:a(2
X
= 3x% =1 =>x2=-1§ =iT (11%4)
But given, x>0
1 (1)

e

33. Solve for x,2 tan™* (cos x) = tan™* (2 cosec x).

Delhi 2014C; All India 2009
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Given equation is
2 tan™" (cos x) = tan™' (2 cosec ¥)

(
_1{ 2 cosx af 2
= tan”' e = tan™’ e
\1— cos” x sin x

+2tan ' x= tan“[ eX ]} (1%%)

152

2€osx _ 2
sin® x  sinx

I sin? x = 1— cos® x...(J)

= sinx-cosx—sin2x=0
= sinx{cosx—sinx) =0
= sinx =0 or cos x = sin x

= sinx=sin0 or cotx =1=cotr/4

= x=00r% 1%)

But here at x =0, the given equation does not
: 1. ;
exist. Hence, x=—1s the only solution. §))

34. Solve forx, tan™* x +2cot™ x = an.

All India 2014C;Delhi 2009C

: o | = 2T
The given equation Is tan Tx+2 cot ! x=—

3
: 11
We know that, cot™ x=tan™" —
X

So, the given equation can be written as

2] 2
tan”' x + 2 tan™ [—-) =
X 3
2 xl I
= tan”' x + tan”™' X |=
1 3
1-=
X
[ 2 tan"' x = tan™' [ X 2]]
1—x
o N

Get More Learning Materials Here : & m &) www.studentbro.in



Z
" 27
=i fan~! xdtan i | =
x* 1 3
\ %
Fasy B
— tan"'x+ tan™ 22x = (1%)
\x-1) 3
fx+ 2x |
= tan™' st .
1 2x? 3
L Xt =1
A x+ |
[ tan”' x + tan”' y = tan 1[ yﬂ
1—xy
x? =1-2x 3
x3+x —tan( _E)
i ~1~x? 3
N X+ X B
%) 3

[+ tan(m—6) = — tan 6]

%
Ly EUEX) . B exedfd (1)
LA

35. Prove that
oL J1+sin x +4/1~sin x e (0’ _TE}
\/1+5inx—\/1-5inx 2 4
Delhi 2014C, 2011; All India 2009
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. LHS = cot™ 1+ sinx + /1= sin XJ
| _\/H' sin x — 4/1—sin x
'=cot"‘ 1+ sin x +m
| 1+ sinXx — m
- T sin + \/1—] 0
[multiplying and dividing by conjugate of

denominator, i.e. by ¥1+ sinx + 41— sinx ]
1+ si — sin x)?
 cot”! [ (y1+ sin x + 41— sin x) ] )

(\1+ sin x)? — (41— sin x)?
[ (a+ b)(a - b) = a% — b7

- cot-1 | 1 Sinx +1— sinx + 2v1— sin’ x
1+ sinx =T+ sinx

= cot™! 2+ 2.COS x] [+ 1- sin? x = cos? x] (1)

i 2sinx

< v

F 2 cos® =
= cot™ ——] +_COS x] = cot™ 2

, WHlE 25in£c05i
r'.' cos x = 2 cos? E-1.:~1nd sinx=2 sin u (:055-I |
| 2 2 2]
=cot " |cotX|=2X =RHS (1

21 2

Hence proved.
36. Prove that

(1 =4 5\/5 2t _1(3]22
2tan L[§]+sec [——-—7 +Z2tan 3 i

Delhi 2014
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tan ' x +tan”'y = tan“{ SR y}

1-xy
| and sec”'x =tan™" 1/x2 -1

, [50

=

V 49

(1)

113

=2tan " — + tan~
39

=2tan“*—i+tan i
3 7 w

. + tan™!

1
; =
7
-
3 .
[’.'2tan“1x=tan“1{ ZXZH (1)
1-x

3 1]
=tan ' > 4+tan ' ==tan' {4272 |
4 7 3.1
1——X—
| 4 7
=tan" (1) = tan*‘(tanf)=3= RHS %)
4) 4

[.- tan”'(tan®) = 6] Hence proved.
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3%, Provethattan ¥ = g 14
\f1+x+\/1~«x

1
— —COS x--$x<1
2 J2

All India 2014, 2011,2014C; HOTS

-

Let x = cos 6, so that cos™ x =0 (1

han Gt J1+ cos6 — /1 cos
’ J1+ cos@ + 4/1— cos 6

ﬁcosghﬁsing-

= tan”
\5 Ccos ﬁ + /2 sin —B
2 2

[‘.'1+ cos 0=2 cos? gand1 — c0os 0 =2 sin? g]

(1
-.':osg—sinE 1-tan9
= tan™ = tan™! — R
- 0
COS — + SIn — 1+ tan —
2 2 2
[dividing numerator and denominator by
cos (8/2)] (1)
=tan™'|tan (E .3
4 2
[ tan (x - y) = 2N X~ tan yJ
1+ tan x tany
n 9 -3
e wtan (tan©) =0
2 2 [ (tan 6) = 6]
T cos™! x [0 = cos™ ]
=RHS Hence proved.
af(x-2 af(x+2 s
. Iftan™ + tan ==, then
3 Iftan [x—&] [x+ﬁ) 4
find the value of x. All India 2014
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2 —1 X+ 2
+ tan
< X+ 4

x..-.,
[ x-2 x+2 ]
<1 x—4 x+4 n
= tan = -
s _)_(_—_2_ x+_2 4
X—4 x+4_

[ tan 'x +tan 'y = tan™" (

X+Yy

)] (1
11— xy

(x—2) (x+ 4+ x+2) (x- 4]
= tan”’ x-4Kx+4) = &
(x—_‘_})(x+_f¥)—{x__-—2)(x_+2) 4
! (x—4)(x+4
x2—2x+4x—8+x*—4x+2x-8
= 2
(x> —16) - (x* — 4)
= tan = M)
4
2x? -16
= =1
~12
== 2x2 -16=-12
— 2x>=-12+16
— 2x2 =4 = x2 =2
x=1+2 (1)
Hence, J2 and —+/2 are the required values of x.
(1
39. Prove that
2
cds'l(x)+cos‘1{%+ 3—23x }:E.
ill India 2014C
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We have to prove

> qlx A3-3%| =
cos (X)+Ccos {—+——p =—
2 3

2
[2_ 2,2
LHS = cos“(x) 4 cos x + ~—3—3>5-—
2 2
Let cos ' x=0 = X=COSU (1)

Then, LHS=0+ cos™’

T 3 2
coso, - COS— + — V11— cos” a
3 2

l

. T T
o + COS 1[(:055 CosOL + sm; sma:l

[ sinot = V1— cos o, sing = g] (1

= [{E_a)]

[-- cos(A — B) = cos A cosB + sin A sinB] (1)

TC T ;
- 0+ —-0 = —=RHS (1)
3 3
40. Prove that cot ™17 +cot™8+cot™118 =cot™3
Foreign 2014
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To prove, cot™

LHS = cot ' 7+ cot '8 + cot '18
=tan” LI R AL
7 8 18
[ et
] 1)
=tan™’ +an «—

1.1
78
-7+)
- —X
7

[ tan"'A + tan ' B=tan" (1

7+ cot™ '8 + cot '18 = cot™' 3

= ]m
tan x

A+ B

S B)] (1)

- (1 5)
= tan + tan
\55 18
(
= tan™’ -i) +tan ' —
11 18
( %
3.1
_ 1 11 18 = tan™" ﬂ) (1)
el 3) ( 1 ) (1 95
] i x s
\ 11 18))
a1 -
= tan~ 6): cot 3=RHS (1

Hence proved.

41. Prove the following:

Get More Learning Materials Here : &

cotT[‘/H sinX ++/1— smlezg ;XE(O,—E)

J1+ sinx —y/1- sinx
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¥ ks
: ,,\g? Use the relation x x
4 EE-|~ 2sin—ths—
2 2 2

X _x)z
=| cos — + sin—
( 2 2
i Forxe({),g),
| 4

254— sin
2

2

: X .
1+ sinx=-cos E-!- sin

X - X
2--——25|n—*::055

s 1—-sinx=cos
| si 5 Z

1

| 2

| = cos 2 - sin i) and then simplify.
2 2

1

\/1+ sinx+J1—sinx]

JH sinx—\ﬁ-—sinx

LHS = cot™ (

| [ x . x) }( X . x)ﬂ
cos —+sin=| +./| cos = —sin -
2 2) W\ 2

i
\ 2 / 2
X . X ) X . X
(cos Z4ginZy «. fl cos " =gins
i 2) Y2 T 2)

|}

= cot™!

(1%2)
X . X X . X
COS — + SiN— + COS - — Siri -
LHS = cot™ 2 2 2 2 (1)
X . X X . -
COS = + Sin -~ — €OS +~ + sin -
2 2
2 cos ); .
= cot™ = |= cot™ [cot —) (1/2)
2 sin - :
2

> The principal value branch of cot™*

cot"‘(cot 5—) =7
2 ¥,
[ X € (O’E] - x & (0’ TC):| (1)
4 2 8

2 LHS = RHS Hence proved.

xis (0, m).
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NOTE ifx e (O, %) then \/1—sin x =cos g wsin%

and if x e(—g n) then \/1-sin x Hsm-’g—cosg

Alternate Method -
LHS = cot™’ 1+ sinx + /11— sinx
\ﬁ+sinx—\ﬁ—— Sin X

- cot™' \/H- sin x + Vﬁ— sin X
J1+ sinx — /1= sin

x1!1+ Sin X + 41— SF)-{‘}

\/1-% 5inx+\/;1- Sin x

[by rationalising denominator] (1)

(\/1+ smx+JI— s:nx) '
(1ﬁ+ sin x)% — (4/1— sin x)*

[-(a+ b)(a— b)=a’ - b?]

41+5mx+1¥ﬁnx+21—5m
= cot . -
1+ sinx — 1+ sin x

H

[+ @+ b)? =a?+b?+2ab]

=0 t"'[gig—cgf—{J[ cos x = /1= sin® x] (1)

2 sin x
. z X
( 2 COS
= cot™| 1+_COSX = cot™ 2 (1)
Sin x '

2sin~ cos
2 2
[ 1+ cos® = 2 cos? g and sin® =2 sing cosg]

3 j
= cot"[cot —g] = —; = RHS

[ cot™ (cot ©) = 6] (1)

Get More Learning Materials Here : & m
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42. Prove thatsin™ (—g) +sin~! (3)=cos“1 [-919)
17 5 85

All India 2014C; Delhi 2012, 2010C

"To prove, sin"](—a—) + sin"[}-) = COS—‘(%J
17 5 85

Let 1 3.)” B ¢
17 .
and sin”™' -3-).:3/ (i)
5
. 8 . 3
= sinx=-— angd siny==<= (1)
17 Y5
Now, cos® x =1—sin’ x
64 225 225
=1= = CoOSX=.]
289 289 V289
1 :
— c()sx:—s (1)
17
Also coszy—l—-qinzy-bﬁ—
’ B 25
16 4
= cosy=_.-— = cosy=- (1)
Y=y32s5 =5

We know that,
COs(X + y) = COS X COSy — sinX siny

15 4 3 3
=3 cosix+y)=|—x—1—-| —x=
17 4 17 5

60 24 36
= cos(x+y)=——-—=>—
85 85 85

~1( 36

=% X+y=cos |-— (i)

85 :
=% sin”" —8- + sin™! g' = cos™" §9 (1)
1# 2

85
[ from Eqs. (i), (ii) and (iii)] Hence proved.

43. Show that tan (}- sin~t EJ e s ﬁ
2 4 3 All India 2013
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"
. To prove, tan (% sin”! ‘—?;-) =

3
LHS = tan (l sin”™! —?—) skl
2 4 -
s
ot a2 b=t i)
2 \4) |
(3
o sin”" §~ =20 = sin20= g’ (1)
) 4
2 tan© 3 , 2 tan®
= ipns. oo o A §iN20 = ———7-
1+tan“® 4 1+tan“ O
— 8 tan@=3+3tan’ O
— 3tan’0-8tan8+3=0
Now, by Sridharacharya’s rule
8 +,64-36 + /2
tan9 = = B+428 (1
2x3 .6
8+2J7 4+47 (a7
== A ——:—-~—3—:> O=tan | — T--

[-tan®=¢ =0 =tan"' 0]
So, from Eq. (ii), we get

-
- (%) =tan”™" {4 A7 ] (1)

2 3

Taking (—)ve sign, we get

o (1) 157
—sin " |~ |=fan"" |——=
¥, 4 3

On taking tan both sides, we get

P =
tan J— sin”’ —3—~) —tan {tan™" i_‘@_
\2 4 5

(1 ._li]:filmﬁ

= tan| — sin
3

\ 2 4
[+ tan(tan™' 6) =6] (1)
= RHS Hence proved.
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44. Prove thatsin” E+su i—tan
7 3 36
Delhi 2013C
To prove, sin”' 8 4w 2t =
17 5 36
. 18 :
Let sin”' — = xand sin” g I =y
17 5
— Sinx = L] andsiny = 4 (1
17 D
Now, cos® x=1-sin’ x=1- bt
289 289
225 15
= COSX= | —— = —
V289 17
9 16
Also, cos’ =1—sinfy=l———=—
¥ 4 25 25
=5 cosy=,}16/25 =4/5 (1

We know that,
cos(x 4+ y) = cosx cosy — sinxsiny
15 4 8 3_60 24 36

777571775 85 85 85
(5)
= X+Yy=C0S

85
=5 sén“(—a— + sin_!(EJ:cos'1(§—q) ()
17 5 85
Again, let cos"(g'—é] =2 = COSZ =——
85 8
then,tanz = 44 (1)
477 "
=> Zz=tan — = cos —=tan —
36

On putting this value in Eq. (i), we get

.,(8] : 4[3) 4[77)
SIn — | + SiIN — | =tan —_
17 5 36 (1)

Hence proved.
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45. Solve for x, tan*3x+tan™t2x = i

Delhi 2013C, 2009 ; All India 2009C, 2008

. r . T
Given equation is tan ™ 3x+tan™ 2x = y

= tan”( el ):_n_: (1)

1-3xx2x) 4

{A+B
ctan TA + tan”' B = tan ! )
1— AB

T 5x |
=>tan'1( 3z )=—-=> = tan —

1- 6x° 4 1- 6x2 |
[ tan™' (6) = ¢ = 0 = tan ¢]
5x
= -2=1
1-6x
= 5x=1—6x" (1)
— 6x>+5x—-1=0
= 6x% +6x—x—1=0
= 6x(x+1N—-1x+1=0 (1)
=5 Bex—-1N(x+1)=0
=b 6x—1=0orx+1=0
=% x=1/6 orx=-1 - (D

But x = — 1does not satisfy the given equation.

. ]
Hence, required value_ of x is =

46. Find the value of the following:

o3
tan = | sir? sz +eos L y?_ )
2 14X 1+y

if [x|[<1,y>0andxy<1 Delhi 2013
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Q Firstly, use the relation

2
P s LIy "
1+ x2 142

convert into tan™", then use identity relation
tan(tan ' 0) =6.

_____________

1 . 4 2x (T
fan ¢ — sin 5 |+ cos 5
2 1+ x 2 T+y

= tan B 2 tan”" %) + % (2 tan™ y)] (2)

L2
-+ 2 tan” x = sin™ 2X2 =cos™ " i x2
T+ x 1+ x

=tan(tan”' x+tan"'y)

= tan [tan‘1 (x+y ]]
T—xy
stan” x+ tan"'y = tan' | XY
1—xy

[ tan(tan '0) = 0] (2)

e Xy
4. Prove that

fan [ = | & tan =Y (}—):E.
2 5 8 4

Delhi 2013; All India 2011, 2008C
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To prove,

tan™" (1) +tan™! (1 ] +tan” (l) Ll
2 2 8 4

;
LHS = tan™" %) + tan” (;) + tan” ( )
\
1.l
=tan”'|2—2 | + tan™ (1] (1%)
L 8
. 10
Fotan™' x+tan”'y = tan™ [ i 4 J  xy<1]
T—Xy
= tan~ ( ) + tan~ [—}
L
=tan'| 28 (1%)
'|.....
72
[ tan”' x+tan”' y =tan" (X ¥ } , Xy < 1]
1—xy

] Eli ] R [ES—)
72 -7 65
=tan”' (1) = tan™" [tan E) X _RHS (1)
4)” 3

Hence proved.
48. Prove that

4 cosx X [ T Tt)
tan - =———,XE|—-—,— |
1+ sinx 4 2 2 2

Delhi 2012;HOTS
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X . 92X
27 _sin’Zand

: ‘:? Firstly, use the relation cos@=cos

i
i . v R X .
sinx=2sin=cos—=. After that use the rela’cu:mE

and simplify it.

|
E tan(A—B) = tanA — tanB
} 1+ tanA tanB

§
LHS = tan™| 22X
1+ sinx

p
¥ .
cos? - sin’ -

= tan

2 X . 2 X . X X
COS” — + sin“ — +2sin — Cos -
\ 2 2 2

i 2 X i Xﬁ
TCOSX=C0S ——SsIn —
2 2

q)

. X X
and sinx =2 SIHECOS—

X o K X X
€OS— — sin— |{ cos— + sin -
-1 [ 2 2)( 2 2)

x . xY
COs — + sin —
[feun3)

[a’-b?=(a-b)(a+b)and

(a+ b)? =a%+2ab+ b}

= tan

X . X
COS— — Sin -

=tan”!| —2—2 (1)
COS -~ + sin—
2 2

On dividing the numerator and denominator
by cos x/2 , we get

( X X )
COS sin
2 . 2
X X X
COS - COS 1—tan
LHS = tan™" 2 eI — 2
X . B
COS — sin 1+ tan
i P | 2
X X
COS - COS -
\ 2 2
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T X
tan — — tan —
= tan”! 4 = Zx (1)
1+ tan - tan-
4 2

[ ]
1= ’[:—mE and
4

X i X
1-tan— = tan — - tan —
2 4

-

tan” [tan (- zﬂ

[__ tanA - tanB _

: = tan(A — B)
1+ tanAtanB

s
2

[ tan”' (tan®) =0; x e (— Ll . E]]
2" 2

= RHS (1) Hence proved.
49. Prove that

cos | =|+cos|—=|=cos | —}
5 13 65

All India 2012: Delhi 2010C. 2009

&~13
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To prove, cos™ (i) + cos"{uJ = cos{lﬁ]
5 13 65

\
Let Cos”(ﬂ = X ()
3
\
and cos'1(12 =y i)
13)
= cosxziand c05y=1-% (1)
5 13
We know that,
5in2x=1—cos?‘x=1_l6_=2_,
25 25
. 9 3
:> SIN X = ———
\/25 5
and 51"2Y=1—c052y:1-144 .
169 169
| 25 3
"~ V169 13 -

Now, we know that,
cos (X +y) = COSX COSy — sinx siny

4 12 3 5
= cos(x+y)=[~—><——]—(—><—]
5 13 5 13

_ 48 15
- .~
33
= cos(ix +vy) = — (1
(x+vy) o )
2133
= X+y=C0s —
65
4 B .5 34
= CO0S —+ C0S — =C0S — L)
5 13 65
[From Eqgs. (i), (ii) and (iii)] (1) Hence proved.
50. Prove that sin™ (@) =sin! (—ii e (-?i)
65 13 5

Foreign 2012
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. To prove,

sin”' | —1!=sin"'|—|+cCOS |-
65 13 5

RHS =sin™' (—SJ + cos™! (E)
13 5

Let sin”’ L) =X = Sinx= 2, skl
13 13
and cos™ % =y = COsy= —g— .(i)) (1)

B it d

Also, cosx=+/1—sin" X

23 144 12

.

-\/-9-—\/——=§ g

We know that,

sin (x +y) = Sin x COSy + COS X siny
—E~><3 12 4 _15 48 63

_ i (1)
13571375 65 65 65

— x+y=sin" (E’—:}—) (1)
65
[sin@=0=0=sin"' ]

= sin’' (-—E—)—) +cos (g’) = sin”"' (ﬁ) (1)
13 5 65
[ from Egs. (i), (i) and (iii)]
Hence proved.

51. Solve for x,

2tan 2(sin x) = tan (2 sec x) , x # g

Foreign 2012
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To solve, 2 tan~! (sin x) = tan™' (2 sec x)

I r 2
e EI-DZL = tan 1( ) (1%)
1—sin“ x COS X

_” Ny L _1( 7 x J—‘
i an x =tan 5
1-x

1

COS X

On comparing, we get
2 sinx 2

= = (M
COs” X  COS X

= fanx =1 (1/2)

b
= x=tan '(1)= tan"('{anE s (1)
4) 4

\ —
52. Find the value of tan™ [ﬁ ~fan (u-]
y ) X+y

Delhi 2011
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~

£, Use the relation

tan ! x—tan”’ y=tan™" i A
1+ xy

We have, tan™ (i) ~tan™ (x ~ y}
y Xty

BN

<1 Y X4y (114)
\ ¥ X%Yy)

[ tan '@ —tan™' ¢ =tan”’ [ ihaak H
1+6-¢

-1 Fx(x-l—y)—y(x—y)}
yix+y)+x{x—vy

(x2+xy—xy+y2J 1%)

;\xy+y2+x2—xy

= tan

= tan

= tan™"

. 2
< 4'y):tan“’m

k\yZ & x2

= tan™"

{ principal value branch oftan™ x is (%n, g]

= tan‘(tan E] - | (1)
4) 4

53. Prove that

4 (1 5 1) 1 (31}
—|+tan "= |=tan" | —
2 tan (2] (7 17

All India 2011; Delhi 2009C, 2008C
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o

() Use the relation, 2 tan™" x=tan™" ( - . ]
B ¥

and then tan™'x+ tan™! y= tan‘l[ X+ ¥ J
1=

LHS =2 tan™ (1) +tan™! [l)
2 7

- tan_] 2 x(1/2) - tan_1 l
1=/

1
X
3 7
{ tan“’x+tan"y—tan-1(xﬂf]]
1—xy
28+3
all -1 21 = 3
=4n =" | . 21 _
B TS T e 1)
21

Hence proved.

9% 9 ... 1) 9 . 1242
= P that ————= o sin |
54. Prove tha =1, sin (3 A ( :

Foreign 2011
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Method |

Let sin™ (1] = xand sin™' 242 =y
3 3

Then, we get

. 1 . 22
sinx=—and siny = ——
3 3

Now, TS T R
9 9

=5 COS X = \g:& (m

3
1

9

1 1
= = = (1
y 1}9 3 )

Now, sin(x+y)=sinxcosy+ cosx siny
_1.1,2V2 22
3 3
:g:'l (1)
9

Similarly, cos2 y=1- sin? y=1-— g =

373

1 8

=

9 9

; . T

= sm(x+y)=1=5|n5

[ principal value branch of sin™" x is
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X+y=

= s (;) +sin”! {2\3/5) -z
e 4]

9 ._,[1) 9 . _(2v2) 9nm
= —sin" |—|+=sin =
4 3 4 3 8

[multiplying both sides by 9/4]

- 2L (1)-2 (2] o
3 4 3

NiA

8 4

Hence proved.
Method 11

To prove that

9t 9 .4(1J 9 . (22
——=sin" |=[==sin" | ——
8 4 3) 4 3

[ cos™ x = sin”'V1- x2]1 (1)

. sin”" Ng) (1)
4 9

= RHS Hence proved. |
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12 1, 44
55. Prove that tan™ %4— tan™ g tan™ 3
All India 2011C
To prove,

tan™" (1) + tan™’ (2) [1) tan™ [4) (i)
4 9 2 3

Above equation may be rewritten as

for (e () o

(1/2)
(1 (2
Now, LHS=2|tan ' |—|+tan | —
4 9
= i B &
4| 4t
‘|_ o B
L 4 9/
+ tan”'x+tan 'y =tan™' [ il )]
i : 1— xy
(9+8
9 ] 36 |- 54001 (17)
=2 tan 36 :2 2 tan (34J
\ 36
1 2 X !
=2 tan”’ [E]= tan 2 (1

= tan' 1—1 =tan" (-g) = RHS (1%%)
A aasi

4

Hence proved.
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. 1
56. Solve for x, cos (2sin* x) = 3> 0.
All India 2011C; HOTS

Given equation is

cos (2 sin”!

1 :
X)=-—,x>0 .. (i)
9
Put sin'x=y = x=siny (1/2)
Then, Eq. (i) becomes, cos2y =%
[ siny =x]

= 1-2 51n2y:l

[- cos28=1-2 sin® @] (1)

= 28N v= VLTS (1/2)
9 9
LA , 4 .
=% sin“y=— = x*=— siny = x|
e 3 [ siny
= X==F [taking square root] (1)

:

3
But it is given that, x>0

2

e (1

3

Alternate Method

Given equation is cos (2 sin”' x) = %, x>0

= cos (sin”' 2x 1—x2)=l
[ 2sin” ' x= sin"1(2x\/1 - xz)] (1)
= COS [cos E \/1 — (2x 41— xz)ZJ = ;}

[ sin™'x = cos™ " 4[1—- x2)(1) -

= \fl - 4x%1-x3 = % [ cos (cos™ @) = 6]

On squaring both sides, we get
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81(1— 4x% + 4x*) =1

= 324x* - 324x* +80=0

81x* —-81x* +20=0
| [dividing both sides by 4]

= 8*-45x*-36x2+20=0

9x* 9x* - 5) - 4©9x*-5)=0

l

—
= 9x? —5)9x* - 4 =0
) ><2=§—or:di:='.»x=i--V§0ri3
' 9 9
But x>0
5 2
X=+-— or = (D
3 3

V5

But here, x = 5 does not satisfy the given

equation.
x =2 /3 is the only solution. (1)

NOTE While solving an equation, please be careful
on squaring the equation. Sometimes, it may
give extra value, which do not satisfy the
given equation.

5%. Prove that2 tant E — tan™ 2 = E.
4 31 4
Delhi 2011C

] ”’f;"f;? Firstly, apply 2tan™ x=tan™ [1 2x2 ] to
~X

evaluate 2 tan™ (-z-]and then apply

1+ xy
the desired result.

! tan™! x—tan™! y=tan’ *~J land get '
] i
i i
i
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To prove that 2 tan™' (2] —tan™’ [——) .
4 4

31
LHS =2 tan™! (é) — tan™! [E)
4 31

= tan™’ (372 ) —tan™! (IZ)
\7/16 31

/
= tan™’ E) ~ tan™! (]—Z]
\ 7 31

=tan~'| —L_31 6]

L 7

[ tan™' x — tan”'y = tan™" (X = y]]
1+ xy

1 (24%31-17%x7
\7/ X31+24x%x17

=18

I r744—-119]= an-] (625]

(217 + 408 625
=tan~' (1)
= tan™" [tan E) [ 1= tan E:l
4 4
=T _RHS
4

[ principal value branch of

tan™" x is(- —g—, g)] (2)
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58. Solve for x, )
b 2X -1 1 - X |
t > + cot =—,
o (1—x2] [ 2x ] 3

Delhi 2011C; HOTS

o e

g SER——

L7 Firstly, write cot ™ 1= | ot | 22X by

applying formula cot™ x=tan"?2 and then
X

I
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Given equation is

.
tan™ 2x2 + cot™ Ll =E,—1<x<1
1-x 2x 3

! l, so by using
X

We know that, cot™ x = tan”

this result, we may write

2
cot™’ (1 ;: ): tan”' (1 2)(2) (1/2)
- X

Then, given equation becomes

a1 2% _1( 2x ) w
tan > |+ tan 5= (1/2)
4 b
= 2 tan™ 2x2 = (1/2)
\1=x7)
( A
= tan,l —gi"i :E
Shas &F 6
= 2X —tanﬁ—i
Pt 6 3
= 2:3x =1— x? (1)
- x2 +23x-1=0
—Z\Bi 12+ 4
=3 X =
2
b+
[ we know that, x = —b-':-\/-—B- where,
2a
D = b? — 4ac]
2\3+4 4-2J3 -4-23
= X = 5 = 5 or : (1)

= x=2-+30r—(2 +4/3)
But it is given that -1< x<1, sox=-(2 + J3)
is rejected.Hence, x =2 — V3 (1/2)
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59. Prove that

- [1 -x) xe (0,1).
2 1+x Delhl 2010'HOTS

) Put\Fx~—tan9 =>B tan Ix/x

and then use cos 20 = Lﬂ-ﬁ
1+tan 0

i 1 s T—x
To prove, tan” Wx =—cos  |— | xe(0,1)

2 1+Xx

2
RHS—lcos 1= () (1)
1+ «[x
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On substituting Jx =tan9, we get
1— tan’ e}

RES =~ ctsi? - (1)
2 1+ tan“ 0

= % cos” ! (cos 20) (1)

= cos2A]

1-tan’ A
"1+ tan’ A

& % 20)=0 [ cos™ (cos 6) = 6]

= tan”" Vx [-0=tan ] \/;] (1)
= LHS Hence proved.
Alternate Method
1-x

3 1 "
To prove , tan 'Jx =—cos 1(
2 1+ x

), xe (0,1)

LHS = tan™ \/; = %—(2 tan™’ &}

1 1= tx?
=— e )
> X COS [1+ (\/;)z:l

b
~*2tan 'x = cos™ ___x_2
14+ x

- l cos“1(]_—x) =RHS (2)
2 | 1+ x

Hence proved.
60. Prove that

_1( 12 | 3) . ~.1(_'-'»6]
i — t=sin™ —1 i
cos [13)+5m (5 65 Delhi 2010
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i {‘j ) Use the relation sin®x+ cos’x=1 Find the
. * value of sinx,cosx,siny and cosy, then use
relatlon sm(x + y) =sinxcos y+ cosxsiny

0 e X = y
13 5
12 3
= cos x = —and siny = — (1)
13 =
sin? x =1— cos’ x

12Y
=1- (?3) [s sin’0 + cos’ 0 =1]

144 25 : 23 5
=1- = = sinx=,——=
169 169 169 13
2
and t:052y=1—s,in2y=1—(E it
5 25 25
16 4
= COSYy=,|—=—
25 5 | (1)

Now, sin(x +y) = sin x cosy + cos xsiny

= sin{x+y)= (5><4) i i)
13 5 1375

_ 20 36 56
65 65 65

- (1)

= sin(x+y)=~g~g = X+y=sin" (%)

= 05 (EJ + sin”™" (3) = sin”! (5_9
13 5 65
X =C = 1—%) dv=si —1 ;—3

[ X = COS (1 3 and y = sin - (1)

Hence proved.
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61. Prove that

2X . [3% - &7
-1 | _ 1
tan ~ x + tan [1_X2J—tan (1—3:(2]

All India 2010
=30=3tan"' x [-0=tan"" x] (1)
=tan~' x+ 2 tan"! x |
=tan~' x + tan”’ £k 2 (1)
1—Xx

|:2 tan_] Y= tan_1 [1 2){2]} = LHS
i

Hence proved.

I 14 x*
62. Prove that cos [tan™ {sin (cot™ x)}] = o

All India 2010

-—— gt~ m = ——

T
2 4x®

LHS = cos[tan™ {sin(cot™ x)}]
let cot'x=0 = x=cot@ (1!2)
Then, LHS =cos[tan™ (sin0)]

=cos[tan‘1( 1 )] (1/2)
cosecH

[ cosecH = —1‘—]
sin@

= cos| tan™ L
1+ cot’ @

[- cosec’ @ =1+ cot? @]

1
Je

= cos ¢ - (1)

To prove cos [tan™ {sin (cot™" x)}] =

= cos | tan™

U cot8 =X
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where, tan™' L—————~J =g¢ortan ¢ = ——

1+ x° 1/1+x2
1

| 1
= “sech =
sec ¢ [ Cos B:I

1 N
= [ tan?0 + 1= sec? 0]

1/1 + tan? ¢ _
- L wtan ¢ = 1 (1)
;f]__{_ , 1 J1+ x*

V g l

T+ x
1 1+ x2
- = +x2=RH5 (1)
[ ] § 2k
V o1+x°

Hence proved.

63. Solve for x, cos™ x +sin™ (%] = lé .

All India 2010C

. " C4(x) =
Given, cos™' x + sin ’(—)z—ﬁ-

=%  CO8 @ X=-—=8iN @ —

= X = COS — COS (sin*1 -x-]
6 | 2
+sin = sin (sfn‘”"' i) (1)
6 2
[ cos(x —y) =cosxcosy + sinxsiny]

\/5 (._1 X) 1 x
= X=-—COos|sINn  —}+—-—
2 2

[ sin (sin™' §) = 0]

~ [ 2
= x=l['_—3—cos(cos_111—i_-]+i
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i k V4}4

[ sin~'@= cos™ ' /1 —BZJ:I

2 _\ 41 4
x 3 [ «)
= = W

S T AN (1)
42 (V4

On squaring both sides, we get
9y2 - 2 _ 2
- :9_{ __’L] -

16 4 -+ 4 4
3 2 X 4x°
— — X' t—=1= —=
4 4 4
o =1 =% X=£1 (1)
But x = — 1, do not satisfy the given equation.
Hence, x =1. ‘ %))
= | 1 i 1 =
1 Sktant S,
64. Prove that 2 tan : + tan i
All India 2010C
(
To prove 2 tan™ [l) + tan™" l) -
3 \7) 4
3\
LHS =2 tan™" (1) + tan”’ [1 \ ..(i)
3 7 )

We know that, 2 tan™' x = tan™" [ 2x2]
1—-x

Get More Learning Materials Here : m @& www.studentbro.in



Using this identity, we can write
L — -

—

%1

2 tan™" (l] = tan™" 3 _|=tan™’ 213

3 (1 2 1

1- ) =5

L l\3 .
{
= 2tan’ (l) =tan E) (1%)
' 3 \ 4

On putting the value of 2 tan"(%) in Eq.(),

we get
LHS = tan™" (-‘31) + tan”! (l)
4 7
3 1 21+ 4
| a7 1| 28
= tan —
an 3 tan e
Jowma W e
4 7 28
[ tan”' x + tan™' y = tan™' [ i y_)]
1—xy
25
= tan~ V| 281 _ gt 1
tan 2 _5 tan (1} (1%)
28

-+ The principal value branch of tan™'x is

&%

279

< LHS = tan_1( tan ~ ) e 2 e 1)
4) 4

Hence proved.
65. Solve for x,

tant % +tan™ % - % A6 > x> 0. Delhi 2010C
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Given,tan”' 2 +tan' X =2 6> x>0
2 c e
"
..-.‘_+.-.
= fant|2—3 =2
2
. e
\ 6 )
 tan ' x+tan'y = tan™’ XY aw
1—-Xxy
33X+ 2x
-0 5 =tan£=> 5x2= [ tan—=1]
6 - x 4 6-x
6 _
— 5x=6—-x> =x*+5x—-6=0
— X +6xX—x—-6=0
= X(x+6)—-1(x+6)=0
= x—1(x+6)=0
= x=1 or —6 (1%)

But it is given that, J6>x>0=x>0

s X=—6isrejected. Hence, x =1 (1)
66. Solve for x,

tan(x +2) +tant (x —2) = tan™" [%),x>0.

Delhi 2010C
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Q Apply tan'x+tan ' y =tan™ X* Y lin LHS

1-xy

. of given equation and then proceed further to
obtain the desired result.

Given equation is
tan ' (x+2) +tan”' (x —2) =tan”' (%] ,x>0

= tan”' [(x it o cnl } =tan™" (—8—) (1%%)
T—(x+2) (x—2) 79

[ tan”' x + tan 'y = tan™’ ( X*y ) }
1—xy

sy o e 1/2)
1-x*>-4| 79
[-(a+b)(a~-b)=a’ - b7
2x 8 X 4
—_— — = =M =
5-x% 79 5_x2 79
79x =20 — 4x>

452 + 79x—-20=0
4x° +80x-x—-20=0
4x (x+20)-1(x+20)=0

(4x-1) (x+20)=0

Y= lor =20 (1)
4

y 1 e e il

But it is given that, x>0

& x =—-20 is rejected.
Hence, x=1/4 (1)

6. Prove that

_ | 4 g e ( 5 ) M (16) T
sin —= LS =1 == 81 —_—] =
5 13 sl 2

Delhi 2009
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(o)

To prove sin™ (i) +sin™ ( 2 )+ sin”~"! (1_) =
| 5 13 65/ 2
LHS = sin™' [f)ﬂm ‘[5]+5| ( )
5 65
=g 2 22 4 I_lfl " m—1( )
5 169 13 65
x*)]

[ sin”' x4+ siny=sin"" (x \[l =y?iy \ﬁ—

I 5‘«

(1)

- (dfi 5o )

68
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. 4'(4 12) [5 3) ._1(16
= sin — X — |+ ] —X—=||+ sIN —
\5 13) 13 5 65
. _1( 48 15) ..4[16)
=sin |—+—|+sin | —
\65 65 65
. ,(63] , _1(16)
= sin + sin
. ’ 16 f 63
‘—“Slﬂ
65 65

Fosin~' x+ sin”'y=sin™' (x\/l—y +y\[1——x2)]
[4225 256 J4225—3969
4225 4225
o /396 f256
= Ssin
K65 4225 4225

1(63 ]
(65 65 65 65

__1(3969 + 256 4225)_ .
=sin | ——m— |=sin | —— (1)
4225 4225

-+ The principal value branch of sin™'x is

&5

:.LHS:sm4[§nE):35=RHs (1)
2) 2

=sin_

Hence proved.
Alternate Method Given equation,

sin'{f) + sin” '(3) +sin” '[]——@—) = i
5 13 65 2
: _1(4) i _](5) pi ; _1(16)
= SIn — |+ sin —_ = — —SINn —_—
5 13 2 65
::QNT?]+mf{éJ=cmq(Eq (i)
5 13 65

[ e sin'@=c 9] (1)
2
Hence, Eqgs. (i) and (ii) are equivalent. Now,

we have to prove Eq. (ii).
Now do same as Que 42.
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68. Prove that

=y | 3 ] 3 _1(8)_‘!‘;
= Zl-tan | = |=—
tan (&]+tan (5) a 19 L

All India 2009C
1 3 ,41(3 -1 8) n
. Toprove, tan”'| = |+tan”'| = | - tan”'| — |=—
oprove,tan(3)+an(2) -t 5]
3
LHS = ’[;;1n‘1-3~+’[:¢1n"13 —t.em‘1i
4 5 ) 19
(3 3
M 8
=tan~'| 43 — tan~' —
1— 9 19
L. 20,

tan”' x+tan” 'y =tan™ ( bl 4 H(I)
1—-xy

=tan | ———
L 11/20

’
= tan™" gz) R (i) (1/2)
\ 11 19

(27 8

27 8
T+ — X —
\ 11 19

. 27120 B
- fan  —
19

= tan

= tan~ 1| —202 tan1(425 X 209) (1/2)

209 +216 209 425
209
=tan"' (1)

.+ The principal value branch of tan ~'x is

&
2° 9}t
LHS = tan™' [tan {E)] & (1)
4)|" 4

= RHS Hence proved.
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69. Prove that

i (1
e (o
= % | All India 2009C; Delhi 2008, 2008C

- ———— —_—grt v e —

.....

1 k>App|ythe,dent,ty’

H

tan™  x+ tan™! y=tan™ | X Y in first two
1—xy ;

terms and the last two terms of LHS and then§
apply the same identity again to the get the RHS. |

To prove tan™ (1) +tan™' (1) + tan™ (l)
5 5 7
LAan (1) ~
8 4
~1( 1 (1
L= [tan (—) + tan [—)]
b 5
+[’[an*I (lJ + tan~" (l]]
7 8

On applying the identity

tan”' x + tan™’ y=tan™ (: 404 J, we get
| ~ Xy
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( +1“ (1 1)
IHS=tan'| 33 |+ tan"'| L8 (1%)
1— 1 -1
. 15 . 56/
_1( 8/15) _1(15/56)
= tan — | + tan —_—
\14/15 . 55/56
( (
= tan™ i)+tan“1 _3'-]
\ 7 \11
F 4.3 7 44+ 21
—tan | —Z_11_ |- tan! 77
il e el b=
. \ 7 11 77
= tan™" @L=tan'1 (1) (1)
| 65/77

-* The principal value branch of tan™ ' x is

ke
2°2)
ZlLHS = tan‘l[tan (E)J - RHS (1/2)
4) 4
0. Solve for x,

tan™> [X & 1) + tan™? (x = 1) |
x=2 x+2 ) 4 pelhi 2009C

Do same as Que 38. [Ans. +1/2]
71. Solve for x,

tan * [1+ x)=£ + tan™t x,0<x<1
1-%} 4 Delhi 2008C
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The given equation is

R =2 i
1—x 4
5wl [1EX oAy, (1/2)
1=X 4
| 1+ x !
i
= tan™ 1-x =
F+x) 4
1+ —1|-x

[ tan”' x — tan”' y = tan™" (x i y]] (1%2)
1+ xy

T+Xx—x+x° _

> = tan o] (1)
T—-x+Xx+X 4
2
1+x2=1=1=1 [?Mn£=q
1+ x 4
Hence, the given equation has many
solutions. (1)
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